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Abstract. The relationship between height and diameter (H-D) is an important component in forest growth and
yield models, and a better understanding of the relationship will improve forest monitoring, management, and
biomass estimation. Sixteen nonlinear growth functions were fitted to H-D data for 1261 trees from a Cryptome-
ria fortunei plantation in the Pingba region of Guizhou Province, China. Of the 1261 trees, 80 % were randomly
selected for model calibration, while the remaining trees were reserved for model validation. All models were
evaluated and compared by means of multiple-model performance criteria. Although all 16 models showed a
good fit to the dataset and each of them accounted for more than 75 % of the total variation in height, a large
difference in asymptotic estimates was observed. The Chapman–Richards, Weibull, and Näslund models were
recommended for C. fortunei plantations, due to their satisfactory height prediction and biological interpretabil-
ity.

1 Introduction

Tree height and diameter at breast height (DBH, 1.3 m above
ground) are fundamental essential individual tree variables
used in forest measurements and inventories (Adamec and
Drápela, 2015; Misir, 2010; Subedi and Sharma, 2011). DBH
can be easily and accurately measured in field inventories,
whereas due to visual obstructions the estimation of tree
height is less accurate and often far more difficult and time
consuming, especially in tall and closed-canopy stands (Ah-
madi et al., 2013; Bi et al., 2012). Therefore, height–diameter
(H-D) models are commonly used to predict the heights of
the remaining trees, thus reducing the cost of data acquisi-
tion (Crecente-Campo et al., 2010; Schmidt et al., 2011).

The development of a suitable H-D model is very im-
portant for estimating tree growth, biomass production, and
carbon storage capacity, as well as for forest management

and monitoring (Aishan et al., 2016; Schmidt et al., 2011;
Vospernik et al., 2010). A wide variety of models have been
proposed to determine the H-D relationships in different
tree species, regions, and ecological zones (Feldpausch et
al., 2011; Temesgen et al., 2014). Generally, the models can
be divided into linear and nonlinear types, but the H-D rela-
tionship is influenced by numerous factors, particularly site
quality and silvicultural treatments. In many cases, such rela-
tionships feature a complex nonlinear process, which is diffi-
cult to describe using ordinary linear models (Adamec and
Drápela, 2015; Nanos et al., 2004; Watt and Kirschbaum,
2011). Thus, there is a general consensus that nonlinear mod-
els can improve measurement accuracy and reliability, lead-
ing to better predictions (Cimini and Salvati, 2011; Crecente-
Campo et al., 2010; Paulo et al., 2011). Because many H-
D models have been proposed in the literature, comparisons
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among different models are required to identify appropriate
H-D relationships.

Cryptomeria fortunei Hooibrenk ex Otto et Dietr is a
widespread and economically important coniferous species
in plantations in Guizhou Province, China. Because of its
relatively fast growth and good-quality timber, as well as
its ability to grow in harsh conditions, it plays an impor-
tant role in timber production, carbon storage, and ecological
restoration. Traditionally simple, low-efficiency, and high-
consumption management modes have been operated for a
long time; however, this has seriously restricted the devel-
opment and extension of C. fortunei plantations. For these
reasons, there is a need to monitor and accurately estimate
the growth and yield, and develop a rational extension plan
for commodity production and the provision of ecological
services. To achieve this, it is necessary to explore the H-D
relationship for estimating tree growth and biomass produc-
tion. No generalized H-D model for C. fortunei has yet been
developed or proposed in the literature.

In this study, 16 nonlinear growth functions were fitted to
H-D data for a C. fortunei plantation in the Pingba region
of Guizhou Province. Four statistical criteria were applied to
assess the model performance, and 20 % of an independent
dataset was used to validate and compare the performance of
each model. The objectives of this study were to (1) compare
and evaluate the relative performance of 16 classical non-
linear H-D models and (2) develop appropriate H-D models
for a C. fortunei plantation in the Pingba region of Guizhou
Province.

2 Materials and methods

2.1 Study site

Guizhou Province is located in the center of the Southeast
Asian karst region, which is the largest karst area in the
world. Karstification is highly developed in this area, and the
karst types are the most diverse of any karst area in the world
(Han and Liu, 2004). Guizhou is situated on a plateau, with
a mean altitude of about 1000 m. It has a typical subtropical
humid monsoon climate, with an average annual temperature
of 15 ◦C and annual precipitation of 1100–4000 mm (Feng et
al., 2002).

The study took place in the Dapo Forest Farm (105◦59′–
106◦34′ E, 25◦15′–26◦37′ N) in the Pingba region in central
Guizhou Province. The altitude of the area ranges between
1350 and 1600 m, with an area of 680 km2. The Pingba re-
gion has high biodiversity and abundant forest resources, and
it experiences a mild and humid continental monsoon cli-
mate, with a mean annual temperature of 13 ◦C and annual
mean rainfall of 1300 mm. The forest has been harvested in
recent decades, and much of the area is now covered by sec-
ondary forest and plantation. The dominant tree species are
Cunninghamia lanceolata (Lamb.) Hook., C. fortunei, Pinus

Figure 1. Tree height and diameter at breast height (DBH) for
model fitting data for a Cryptomeria fortunei plantation in the
Pingba region of Guizhou Province, China.

massoniana Lamb., P. armandii Franch., bamboo, and vari-
ous broad-leaved forest species. The forest cover is 97.6 %.

2.2 Data collection

We studied a plantation along a time series ranging from 4-
to 38-year-old stands. In each stand, two sample plots were
established. The plot locations were established at random; a
total of 15 plots (20 m× 30 m) were established for a C. for-
tunei plantation within the study area. Tree species, DBH,
stem height (height of the first major branch), tree height,
crown width, and tree health were measured for all trees
in each plot with a DBH≥ 5.0 cm, and their locations were
recorded.

Tree height and DBH for 1261 trees were recorded in total.
The trees were split into two groups, with 80 % of them used
for model calibration (n= 1009), while the remaining ones
(20 %) were used for model validation (n= 252). Data for
model calibration and validation were acquired by stratified
random sampling according to stand age (Fig. 1). Summary
statistics for tree height and DBH are given in Table 3.

2.3 Data analysis

2.4 Nonlinear growth function

Sixteen candidate nonlinear H-D growth functions (Table 1)
were selected from previous studies based on the suitability
of their mathematical features, the possible biological inter-
pretation of model parameters, and satisfactory previous pre-
dictions of the H-D relationship in the literature (Huang et
al., 1992; Mehtätalo et al., 2015).
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Table 1. Nonlinear height–diameter (H-D) growth models selected for use in this study (Mehtätalo et al., 2015).

ID Function name Function type Equation

1 Näslund 2-parameter H (D)=BH+ D2

(aD+b)2

2 Curtis 2-parameter H (D)=BH+ aD
(1+D)b

3 Schumacher 2-parameter H (D)=BH+a exp(−bD−1)
4 Meyer 2-parameter H (D)=BH+a(1− exp(−bD))
5 Power 2-parameter H (D)=BH+aDb

6 Michaelis–Menten 2-parameter H (D)=BH+aD/(b+D)
7 Wykoff 2-parameter H (D)=BH+exp(a− b(D+ 1)−1)

8 Prodan 3-parameter H (D)=BH+ D2

aD2+bD+c
9 Logistic 3-parameter H (D)=BH+ a

1+bexp(−cD)
10 Chapman–Richards 3-parameter H (D)=BH+a(1− exp(−bD))c

11 Weibull 3-parameter H (D)=BH+a(1− exp(−bDc))
12 Gomperz 3-parameter H (D)=BH+a exp(−bexp(−cD))
13 Sibbesen 3-parameter H (D)=BH+aDbD−c

14 Korf 3-parameter H (D)=BH+a exp(−bD−c)
15 Ratkowsky 3-parameter H (D)=BH+a exp( −b

D+c
)

16 Hossfeld IV 3-parameter H (D)=BH+ a

1+ 1
bDc

Note: H : tree height; D: tree diameter; BH: breast height; a, b, and c: parameters of the equation.

2.5 Model performance criteria

Four statistical criteria – the adjusted determinant coefficient
(R2

adj), relative mean absolute error (RMA), root mean square
error (RMSE), and Akaike’s information criterion (AIC) –
were obtained from the residuals. They were used to com-
pare the performance of the models and determine which of
them described the relationship between height and diameter
for individual trees most accurately. The expressions of these
statistical criteria are summarized in Table 2. R2

adj is a mea-
sure used to determine the relative correlation and the good-
ness of fit between the estimated and measured data; RMA
and RMSE indicate the accuracy of the estimates; and the
AIC is an index used to select the best model from a group of
candidate models (Aishan et al., 2016; Castaño-Santamaría
et al., 2013; Özçelik et al., 2014). In general, models with
the lowest RMSE, RMA, and AIC, and with the highest R2

adj
are known to perform best (Aertsen et al., 2010; Ahmadi et
al., 2013).

2.6 Statistical analysis

All statistical analyses were performed using R version 3.4.0
(R Core Team, 2017). Stratified sampling was conducted us-
ing the sampling package. A nonlinear regression was con-
ducted using the lmfor package. The figures were drawn and
the data were manipulated using the ggplot2 and plyr pack-
ages, respectively.

3 Results

3.1 Data summary

The dataset covered a wide array of stand ages (4–38 years),
DBHs from 5.00 to 52.10 cm, and tree heights from 2.50
to 27.50 m (Table 3). The calibration data were obtained
from 1009 individual trees and covered a wide range of tree
sizes, with diameters ranging from 5.00 to 52.10 cm and
tree heights from 2.50 to 27.50 m. The validation data was
obtained from 252 individual trees, with diameters ranging
from 5.00 to 48.00 cm and tree heights from 3.80 to 26.80 m.

3.2 Model calibration

H-D models were developed for a C. fortunei plantation us-
ing 16 nonlinear growth functions. The fitting results of the
models are presented in Table 4, and all models were ex-
amined and evaluated based on multiple-model performance
criteria. All models had a good fit to the dataset and ex-
plained more than 76 % of the observed variability (R2

adj),
with RMA values below 18.572 %, RMSE values less than
3.110 m, and low AIC values. Considering the abovemen-
tioned criteria, the Chapman–Richards, Weibull, Ratkowsky,
and Näslund functions performed relatively well, and the
Chapman–Richards and Weibull functions provided the most
satisfactory height predictions.

The predictive performances of all models were inves-
tigated with tree diameters ranging from 5 to 55 cm. Fig-
ure 2 shows the curves for all 16 H-D growth models
for the C. fortunei plantation. For small and medium trees
(5 < DBH < 30 cm), the 16 growth functions gave a simi-

www.web-ecol.net/18/29/2018/ Web Ecol., 18, 29–35, 2018



32 Z. Chai et al.: Height–diameter models for a Cryptomeria fortunei plantation

Table 2. Model performance criteria selected for this study.

ID Function name Equation

1 Adjusted determinant coefficient (R2
adj) R2

adj = 1−
∑n

i=1(Hi−Ĥi )2∑n
i=1(Hi−H )2

n−1
n−p−1

2 Relative mean absolute error (RMA) RMA=

∑n
i=1

∣∣∣∣Hi−Ĥi

Ĥi

∣∣∣∣
n × 100 %

3 Root mean square error (RMSE) RMSE=

√∑n
i=1

(
Hi−Ĥi

)2

n−p

4 Akaike’s information criterion (AIC) AIC= n ln(RMSE)+ 2p

Note: Hi is the observed value, Ĥi is the predicted value, H is the mean observed value, n is the number of
observations used for fitting the model, p is the number of model parameters to be estimated, and ln is the
natural logarithm.

Table 3. Summary statistics for all sampled trees and trees used for model calibration and validation.

Stand age Number Number DBH Tree height
(y) of plots of trees (cm) (m)

Min. Max. Mean SD Min. Max. Mean SD

4 2 200 5 9.40 6.69 1.04 2.80 6.00 5.30 0.59
9 2 252 5 23.30 11.67 3.91 2.50 13.20 8.19 1.66
14 2 170 12.2 32.70 19.90 3.81 9.80 17.80 14.83 1.35
17 2 141 11.20 31.40 22.40 4.22 10.20 21.20 16.12 2.51
23 2 194 9.0 36.00 23.12 5.60 9.20 24.00 17.90 2.80
29 2 176 6.1 37.30 22.44 7.51 5.00 25.50 18.96 3.45
34 2 93 16.6 48.00 34.47 6.02 14.50 25.80 23.26 1.68
38 1 35 26.70 52.10 39.41 5.20 25.70 27.50 26.45 0.44
Total 15 1261 5.00 52.10 18.91 9.64 2.50 27.50 14.13 6.35
Calibration – 1009 5.00 52.10 19.00 9.75 2.50 27.50 14.14 6.37
Validation – 252 5.00 48.00 18.55 9.20 3.80 26.80 14.08 6.30

Note: Min.: minimum; Max.: maximum; SD: standard deviation; DBH: diameter at breast height.

lar prediction of tree height. For large trees, the Chapman–
Richards, Weibull, Ratkowsky, and Näslund functions dis-
played an identical trend that was much greater than that
of the other functions. Some functions had a very poor fit-
ting performance, with the Wykoff and Curtis functions pre-
dicting very low tree heights; while the logistic, Michaelis–
Menten, and power functions predicted tree heights that were
much greater than the observed values (Fig. 2).

3.3 Model validation

The various model performance criteria are presented in Ta-
ble 4 for each model based on the validation dataset. The
differences between the model performance criteria varied
substantially. The R2

adj values ranged from 0.758 to 0.841,
RMA values ranged from 14.236 to 18.142 %, RMSE val-
ues ranged from 2.511 to 3.104, and AIC values ranged
from 1181.189 to 1287.063. The results of the model vali-
dation were in agreement with the model calibration, with
the Chapman–Richards, Weibull, Ratkowsky, and Näslund

functions providing the most satisfactory height predictions.
In summary, we selected the Chapman–Richards, Weibull,
and Näslund functions as the H-D models for a C. fortunei
plantation in the Pingba region of Guizhou Province, China.
This was because the Chapman–Richards and Weibull func-
tions were the best three-parameter models, while the Näs-
lund function was the best two-parameter model.

4 Discussion

Most of the candidate models (Table 2) performed quite well
in fitting the H-D relationship for a C. fortunei plantation
based on an analysis of the multimodel performance crite-
ria. When selecting a functional form for the H-D relation-
ship, the following features should be considered: prediction
effect and precision, and the function’s mathematical prop-
erties and its biological interpretation (Huang et al., 1992;
Misir, 2010; Stankova and Diéguez-Aranda, 2012). Although
any function may be considered superior or inferior in a par-
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Figure 2. Sixteen nonlinear height–diameter curves for a Cryptomeria fortunei plantation in the Pingba region of Guizhou Province, China.

ticular situation, in general, we found that the Chapman–
Richards, Weibull, and Näslund models proved more effec-
tive for predicting the tree height of C. fortunei than other
candidate models, because they had a relatively low RMSE,
RMA, and AIC, and high R2

adj values. To a certain extent,
our results are consistent with findings reported previously
(Crecente-Campo et al., 2014; Jiang and Li, 2010; Rupšys,
2015; Scaranello et al., 2012). Huang et al. (1992) fitted
and evaluated twenty nonlinear H-D functions for major Al-
berta species based on a dataset consisting of 13 489 trees
of 16 different species, and they found that the Chapman–
Richards and Weibull functions gave the most satisfactory re-
sults. Mehtätalo et al. (2015) reported that an extensive com-
parison of 16 nonlinear functions using a total of 28 datasets
from a wide range of tree species, regions, and ecological
zones confirmed that the Näslund function provided a satis-
factory fit in most datasets for the H-D relationship. We think
the reason for this is that the recommended functions also
have the flexibility to assume various shapes with different
parameter values and produce satisfactory curves under most
circumstances, especially with their extensive application. In
addition, the relationship between tree height and DBH could
be described by an S-shape curve, where the tree height gen-

erally grew with the increase of DBH and then stabilized. The
above three functions are sigmoidal models, with an asymp-
tote that can characterize this kind of phenomenon (Huang
et al., 1992). Therefore, we recommend that the Chapman–
Richards, Weibull, and Näslund models be applied for accu-
rate predictions of the H-D relationship for C. fortunei plan-
tations in the Pingba region of Guizhou Province.

The differences between the Chapman–Richards, Weibull,
and Näslund models are that the Chapman–Richards and
Weibull functions are three-parameter functions, while the
Näslund function is a two-parameter function. It was found
that three-parameter functions are often most appropriate
for large datasets; however, the three-parameter models
sometimes suffer from problems regarding model conver-
gence and a non-positive definite random-effect variance–
covariance matrix (Mehtätalo et al., 2015), while our results
also showed that three-parameter models always had high
levels of accuracy. Nevertheless, two-parameter models are
easy to fit and are quick to achieve convergence in most sit-
uations. Therefore, we suggest that the Chapman–Richards
and Weibull three-parameter models should be applied when
there are large amounts of data to handle and high levels
of accuracy are required, while the Näslund two-parameter
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model should be used when there is limited data available
and a relatively lower level of accuracy can be accepted.
This is because the Näslund computing processes are often
more simple, stable, and efficient than those of the Chapman–
Richards and Weibull models.

Many years of forestry practice have confirmed that C. for-
tunei can be cultivated in central Guizhou Province on a large
scale, and this will continue due to its good growth perfor-
mance and excellent development potential. These proposed
generalized H-D models will help forest managers to reduce
costs and save time during the inventory process and at the
same time to make better decisions in forest management and
planning. A generalized H-D model, with a wider range of
geographical applicability, can be built by considering stand
variables (Ahmadi et al., 2013; Crecente-Campo et al., 2010).
Although we proposed three generalized H-D models for use
with a dataset that encompassed a wide range of stand ages,
there was a clear limitation concerning the number of stands
used in the analysis. This was because the C. fortunei plan-
tation in our study region was mostly distributed at middle-
altitude sites, with a gentle slope, and the differences among
habitats were relatively small. The incorporation of variables
that describe site-specific conditions and how such models
might relate to the relatively more empirical mixed-model
approach implemented here should be investigated in the fu-
ture.
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